Abstract Phase equilibrium models are used routinely to predict geophysically relevant mantle properties. A limitation of this approach is that nonlinearity of the phase equilibrium problem precludes direct assessment of the resultant uncertainties. To overcome this obstacle, we stochastically assess uncertainties along self-consistent mantle adiabats for pyrolitic and basaltic bulk compositions to 2000 km depth. The dominant components of the uncertainty are the identity, composition and elastic properties of the minerals. For P wave speed and density, the latter components vary little, whereas the first is confined to the upper mantle. Consequently, P wave speeds, densities, and adiabatic temperatures and pressures predicted by phase equilibrium models are more uncertain in the upper mantle than in the lower mantle. In contrast, uncertainties in S wave speeds are dominated by the uncertainty in shear moduli and are approximately constant throughout the model depth range.
Introduction
Since the work of Francis Birch [e.g., Birch, 1952] , our ability to constrain Earth's constitution and structure from surface observations has improved due to advances in: laboratory techniques; first-principle computational methods; and geophysical data acquisition and analysis. As a consequence, we find ourselves in the advantageous position of being able to directly confront plausible geochemical and petrological models of Earth's interior with geophysical observations. Seismological constraints on Earth's mantle composition typically derive from a comparison of seismic velocities inferred from various regional and global seismological studies with laboratory measurements of elastic properties of the relevant minerals at appropriate pressures and temperatures [Ita and Stixrude, 1992; Jackson, 1998; Ganguly et al., 2009; Murakami et al., 2012] . Because of the inherent limitations in qualitative comparisons, recent studies have sought to infer compositional and thermal parameters directly from seismic models and/or data based on geophysical properties that are computed using parameterized phase diagram approaches or thermodynamically self-consistent Gibbs energy minimization methods. Gibbs energy minimization is a technique by which mantle mineralogy, and ultimately its elastic and other thermodynamic properties, can be predicted as a function of pressure, temperature, and bulk composition from thermodynamic data. Although Gibbs energy minimization has long been advocated for geophysical problems [e.g., Saxena and Eriksson, 1983; Wood and Holloway, 1984; Sobolev and Babeyko, 1994; Kuskov and Fabrichnaya, 1994; Bina, 1998] , it is only in the last decade that the availability of comprehensive thermodynamic data bases [e.g., Fabrichnaya et al., 2004; Lithgow-Bertelloni, 2005, 2011; Khan et al., 2006; Matas et al., 2007; Piazzoni et al., 2007] has made the application of such calculations feasible for geophysical models of the entire Earth's mantle [e.g., Mattern et al., 2005; Cobden et al., 2009; Cammarano et al., 2009; Khan et al., 2009; Afonso et al., 2013; Drilleau et al., 2013; Kuskov et al., 2014] .
Although geophysical inverse methods have proven effective in optimizing profiles of mantle composition and temperature, and thus geophysical properties that match geophysical data, the uncertainties in geophysical properties computed from phase equilibrium models are difficult to assess because the nonlinearity of the phase equilibrium problem precludes simple error propagation. Here we use Monte Carlo analysis, i.e., statistical treatment, to assess these uncertainties from error estimates for the underlying thermodynamic data. In this analysis we consider the influence of each thermodynamic parameter individually. The maximum uncertainty obtained by such a conditional treatment is the minimum uncertainty associated with the thermodynamic prediction. As many thermodynamic parameters are strongly correlated [e.g., Bass et al., 1981; Bina, 1995] , the true uncertainty is unlikely to be substantially greater than the maximum obtained from our conditional analysis.
Uncertainty in phase equilibrium-based models of mantle properties can be decomposed into three major components: the identity of the stable minerals, the compositions of the minerals, and the elastic properties of the minerals. We distinguish these here, respectively, as the mineralogical, compositional, and elastic components of the uncertainty. Previous assessments suggest that the elastic component results in uncertainties of 0.5-1%, 1-3%, and 2-4% in, respectively, mantle density, P wave speed, and S wave speed [e.g., Kuskov and Fabrichnaya, 1994; Connolly and Kerrick, 2002; Cammarano et al., 2003; Kennett and Jackson, 2009] . Several previous studies have addressed additional ways in which the assumptions of phase equilibrium modeling and/or thermodynamic uncertainties may impact geophysical interpretation [e.g., Afonso et al., 2013; Kuskov et al., 2014; Cammarano, 2013; Thio et al., 2016] . As our goal is to isolate the phase equilibrium component of the uncertainty, we neglect uncertainty associated with factors such as anisotropy, fabric, and bulk chemical composition. Uncertainty in temperature (dT) and pressure (dP) as a function of depth arising from uncertainty in, respectively, the thermodynamic parameters 0 and A 0 . These parameters were chosen among the 11 parameters considered because they lead to the greatest uncertainity in the self-consistent extrapolation of the mantle adiabat. Uncertainties computed relative to the reference model ( Figure 1 ). Gray-scale levels indicate eight equally-sized probability density intervals for the distributions, with black indicating most probable and white least probable.
Analysis
We explore uncertainties in seismic wave speeds and density computed by using Gibbs energy minimization [Connolly, 2009] to predict the stable mineralogy along a self-consistent mantle adiabat for pyrolite and mid-ocean ridge basalt (MORB) bulk chemical compositions in the Na 2 O-CaO-FeO-MgO-Al 2 O 3 -SiO 2 system (Table 1) . For this purpose we adopt the thermodynamic formulation of Stixrude and Lithgow-Bertelloni [2005] and parameters and uncertainties as given in Stixrude and Lithgow-Bertelloni [2011] . In this formulation, the properties of pure or end-member phases are determined by the values of 10 empirical parameters at the ambient pressure-temperature reference condition: Helmholtz energy, A 0 ; volume, V 0 ; Debye temperature, 0 ; Grüneisen parameter, 0 ; the logarithmic derivative of the Grüneisen parameter with respect to volume, q 0 ; isothermal bulk modulus, K 0 ; pressure derivative of the bulk modulus, K A peculiarity of the thermodynamic formulation is that although it expresses the Helmholtz energy as a function of volume and temperature, in practice it is used to compute the Gibbs energy as a function of pressure and temperature. In view of this application, we classify the parameters according to their approximate relation to the pressure-temperature derivatives of the Gibbs energy. Thus, the reference Helmholtz energy is the zeroth-order parameter, 0 , 0 , and V 0 are most closely related to entropy and volume and considered first-order thermodynamic properties, and the remaining parameters relate to second-and third-order thermodynamic properties (e.g., expansivity and elastic moduli). With rare exception, the stable mantle phases are impure. Impure phases are described as a chemically equivalent mechanical mixture of pure end-members plus a theoretical configurational entropic term and an excess function that accounts for energetic interactions among the end-members and/or deficiencies in the entropic term. In the Stixrude and Lithgow-Bertelloni [2011] data base, the excess function does not depend on pressure or temperature and involves only zeroth-order parameters (W ij ) that describe pair-wise interactions between end-members i and j. Although wave speeds are determined primarily by high-order properties, the low-order properties are Figure 3 . Uncertainty in S wave speed (dV S ), P wave speed (dV P ), and density (d ) relative to the reference model (Figure 1 ) as a function of depth for Group 1 thermodynamic parameters. Group 1 parameters most strongly influence mineral stabilities and composition; thus, the computed uncertainties reflect the mineralogical and compositional components of the total uncertainty. Plots, from top to bottom, are the conditional uncertainties resulting from the uncertainty in A 0 , 0 , V 0 , 0 , and W ij , respectively. Gray-scale levels indicate eight equally-sized probability density intervals for the distributions, with black indicating most probable and white least probable. critical because they determine the identity and compositions of the mineralogy predicted by Gibbs energy minimization. [2011] do not provide covariance estimates, but uncertainties of a parameter and its direct derivative(s) tend to be strongly correlated and behave similarly [e.g., Bass et al., 1981; Bina, 1995] . Thus, an analysis that considers the error in all 11 parameters without considering correlations will substantially overestimate the uncertainty of the predictions. To avoid this failing, we made 11 independent Monte Carlo simulations in which a single parameter was varied stochastically within its uncertainty. With the exception of V 0 , the uncertainties were taken as specified by Stixrude and Lithgow-Bertelloni [2011] . Stixrude and Lithgow-Bertelloni [2011] apparently did not fit V 0 by inversion and therefore give no explicit error estimate for it. For the present analysis, V 0 was assumed to have a relative error of 0.25%, which is comparable to the errors in V 0 assessed for mantle minerals by Kuskov and Fabrichnaya [1994] .
Stixrude and Lithgow-Bertelloni
The mantle pressure profile was obtained by integrating the vertical load from the surface pressure boundary condition. At lithospheric depths, temperature was computed by a prescribed geothermal gradient of 13 K/km to a depth of 100 km, the sublithospheric mantle adiabat was defined by the entropy of the lithology at a temperature of 1300 K, i.e., at the base of the lithosphere. For each stochastic analysis, we performed 10 5 iterations. The computed properties of the reference model for the pyrolitic bulk composition are shown in Figure 1 . (Figure 1 ) as a function of depth for Group 2 thermodynamic parameters. Group 2 parameters strongly influence bulk modulus and density, but also affect phase equilibria and shear moduli; thus, the computed uncertainties reflect the elastic component of the total uncertainty. Plots, from top to bottom, are the conditional uncertainties resulting from the uncertainty in K 0 , K ′ 0 , and q 0 , respectively. Gray-scale levels indicate eight equally-sized probability density intervals for the distributions, with black indicating most probable and white least probable. Figure 5 . Uncertainty in S wave speed (dV S ) and P wave speed (dV P ) relative to the reference model (Figure 1 ) as a function of depth for Group 3 thermodynamic parameters. Group 3 parameters strongly influence computed shear moduli but have no influence on phase equilibria or bulk modulus. Plots, from top to bottom, are the conditional uncertainties resulting from the uncertainty in G 0 , G ′ 0 , and S0 . Gray-scale levels indicate eight equally-sized probability density intervals for the distributions, with black indicating most probable and white least probable.
Results and Discussion
We group parameters based on thermodynamic significance as (1) A 0 , 0 , V 0 , 0 , and
, and q 0 ; and (3) G 0 , G ′ 0 , and S0 . Group 1 consists of zeroth-and first-order parameters that dominate the mineralogical and compositional components of the uncertainty. Group 2 consists of second-and third-order parameters that dominate the elastic component of the uncertainty, but which also influence computed phase equilibria. Group 3 consists of second-and third-order parameters that largely determine the shear modulus but have no influence on density or computed phase equilibria. For each group we show (Figures 3-5 ) the conditional uncertainties in wave speeds and density to a depth of 2000 km for the pyrolitic composition; comparable results are obtained for the basaltic composition (supporting information). The greatest uncertainties in the pressure and temperature of the mantle adiabat is caused by Group 1 thermodynamic parameters. Specifically, uncertainty in 0 and A 0 lead to relative uncertainties of ∼2.5% and ∼0.5% in, respectively, adiabatic temperature and pressure (Figure 2 ). That these uncertainties are greatest in the transition zone and tend to be uniform in the lower mantle suggests they primarily reflect the depth-integrated effect of transition zone mineralogical uncertainty.
The restriction to mantle depths of <2000 km permits discrimination between the mineralogical and compositional components of the conditional uncertainties in that essentially no phase transitions occur in the models at depths greater than ∼800 km, which is effectively the depth of the model upper mantle. Thus, uncertainties computed for Group 1 parameters at >800 km depth are representative of the compositional component of the conditional uncertainties, albeit strictly only for the ferropericlase+bridgmanite+Ca-perovskite mineral assemblage. In the upper mantle mineralogical uncertainty roughly doubles Group 1 conditional uncertainties. With the exception of 0 , uncertainties associated with Group 1 parameters (Figure 3 ) are ∼2% in the upper mantle, ∼1% in the lower mantle, and slightly greater for S wave speeds than they are for density and P wave speeds. The uncertainty associated with 0 is roughly double these values. The uncertainties for Group 2 parameters (Figure 4) show comparatively little variation between the upper and lower mantle, as is consistent with the expectation that these parameters have minor influence on the identity of the stable minerals. Because constraints on elastic moduli are derived primarily from experiments at relatively low pressure and/or temperature [cf., Murakami et al., 2012] , it is expected that the elastic component of the uncertainty should increase systematically with depth [e.g., Stixrude and Jeanloz, 2015] . This tendency is observed for the conditional uncertainty in P wave speeds associated with K ′ 0 , but this uncertainty is smaller than that associated with K 0 and q 0 . The parameter q 0 also influences the extrapolation of the moduli with depth, but the absence of a systematic increase in the uncertainty associated with q 0 with depth suggests that, at least for an adiabatic extrapolation, this effect is minor. For Group 2 parameters the characteristic uncertainty is ∼1% for both P wave speed and density throughout the mantle; the conditional uncertainties for S wave speeds from this group are lower because Group 2 parameters have little influence on the shear modulus. The relation of Group 3 parameters to shear modulus is directly analogous to the relation of Group 2 parameters to bulk modulus as borne out by the depth dependences of the respective conditional uncertainties ( Figure 5 ). However, in Group 2 the greatest uncertainty is associated with K 0 , whereas in Group 3, the smallest uncertainty is associated with G 0 . Most likely, this discrepancy reflects the inversion process by which the parameters are estimated from experimental data, in that K 0 is influenced by phase equilibria, but G 0 is not. Given the absence of any clear correlation with depth in the conditional uncertainty associated with S0 , the uncertainties associated with Group 3 are ∼4% and ∼2% in S and P wave speeds throughout the mantle.
Conclusion
The most surprising feature of this analysis is that the mineralogical, compositional, and elastic components of the uncertainty in P wave speed are comparable. Neither the compositional nor elastic components of the uncertainty are strongly depth dependent, and, given that phase transitions are primarily a feature of the upper mantle, this behavior has the consequence that P wave speeds are most uncertain in the upper mantle. A similar pattern is observed for the uncertainty in density. In our analysis, we have divided thermodynamic parameters into groups such that we expect strong within-group and weak across-group correlations between the parameter estimates. To the extent this expectation is realized, the maximum conditional uncertainty among the parameters of a group will approximate the total uncertainty in computed properties resulting from that group, but the uncertainty arising from each group will be approximately additive. Based on this logic the total uncertainty in P wave speed computed from phase equilibrium models is ∼4% in the
